Noncommuting spatial coordinates are studied in the context of a charged particle moving in a strong non-uniform magnetic field. We derive a relation involving the commutators of the coordinates, which generalizes the one realized in a strong constant magnetic field. As an application, we discuss the noncommutativity in the magnetic field present in a magnetic mirror.
Noncommuting spatial coordinates are studied in the context of a charged particle moving in a strong non-uniform magnetic field. We derive a relation involving the commutators of the coordinates, which generalizes the one realized in a strong constant magnetic field. As an application, we discuss the noncommutativity in the magnetic field present in a magnetic mirror.
Noncommutativity of space coordinates has been much studied from various points of view [1] [2] [3] . It arises naturally in string theory, where it is related to the presence of strong backgrounds fields. If these are constant, one obtains the more familiar case where the coordinate noncommutativity [x i , x j ] is a constant antisymmetric quantity. However, if the background fields depend on the spatial coordinates, one would expect coordinate noncommutativity to be a local quantity. This possibility has been recently studied in the context of noncommutative gauge field theories [4] .
On the other hand, coordinate noncommutativity may also arise in more physical situations involving the motion of electric charges in a strong external magnetic field [5, 6] . When a charged (e) and massive (m) particle moves on a plane (x, y) in the presence of a strong constant magnetic field B pointing along the z-axis, it has been shown that the noncommutativity of space coordinates is of order of the inverse of the magnetic field:
A nice discussion of this mechanism, which is based on the observation that the large B limit corresponds to small m, has been recently given by Jackiw [7] . Based on this idea, we study in this note the spatial motion of a charged particle in the presence of a strong non-uniform magnetic field B(r). Then, we find that the relation (1) can be generalized to the form:
which shows that, as expected, the coordinate noncommutativity becomes in this case a local function. In order to derive this relation, we consider the equation of motion of the particle in a static external magnetic field:
where f (r) represents additional forces which may be derived from a potencial V : f = −∇V . In the presence of a strong magnetic field, the Lorentz force term can dominate the kinetic term mr, which therefore may be dropped in first approximation. The ensuing equation, however, cannot determine all components of the velocityṙ, since the projection ofṙ along B is not specified in (3). This is reflected in the equation:
in that the antisymmetric matrix (ǫ k ) ij does not have an inverse. From (4) we obtain the relations:
In order to see the content of the last relation, we substitute hereṙ a as given by the first relation in (5) . This leads to the condition:
This relation ensures that the net force in the direction of B vanishes, which represents a condition necessary to obtain, in the m → 0 limit, a consistent set of equations of motion. The above equations may also be obtained from the reduced Hamiltonian:
Then, using the Poisson bracket:
together with the equations (5) and (6), we arrive at the result:
This relation is equivalent to the result given in equation (2), which shows that the coordinate noncommutativity appears already at the classical level.
We shall now briefly discuss a canonical derivation of noncommutativity in the m → 0 limit, starting from the Hamiltonian:
where p is the canonical momentum and A denotes the vector potencial in the Maxwell theory, so that B = ∇ × A. In order to be able to set m = 0 in (10), we must impose p = e c A as a constraint. This can be implemented using Dirac's method for dealing with constrained systems [8, 9] (for an alternative approach, see reference [10] ). In this method, one considers the constraints:
and evaluate their time evolution using the relation:
where λ j represent the Lagrange multipliers in the constrained theory. Using the canonical Poisson brackets, together with the relation:
we arrive at the following set of equations involving these multipliers:
This has the same structure as the one given by the equation (4), so that we may apply similar considerations as before (see equations (5) and (6)). Namely, although this system cannot determine all the Lagrange multipliers, it leads to a consistent set of relations among these, provided we impose the constraint:
To proceed with the canonical formalism, one must next introduce the Dirac brackets [8, 9] . We omit the technical details and just mention that using such a procedure one can verify the result given in equation (2), where the commutators are to be regarded as the Dirac brackets in the constrained theory. It is worth noticing that equation (2), which is similar to (9), does not fix, in general, the individual commutators in terms of the magnetic field. Only a relation among the noncommuting coordinates, of the form given in these equations, can be established in the limit m → 0. This may be traced back to the fact that the equation of motion (4) in the reduced theory, does not determine all the components of the velocity, but yields only a consistent set of relations among them. Equation (2) may have, for general configurations of the magnetic field, several possible solutions for the individual commutators of the coordinates. However, any consistent solution must satisfy the Jacobi identity:
One can verify, with the help of Maxwell's equations for the static external magnetic field, that this identity is satisfied by the following special solution of equation (2):
which exhibits a manifest rotational symmetry.
As an application, let us consider this solution in the case of a slowly varying magnetic field in the z-direction. Such a field occurs in a magnetic mirror [11] which confines the particle's motion in the z-direction. It may be written in cylindrical coordinates in the form:
where ρB ′ z << B z . Then, the solution (17) implies the following relations among the noncommuting coordinates:
We see that in this case the strongest coordinate noncommutativity occurs in the (x, y) plane and that the noncommutativity in the (x, z) and (y, z) plane is weaker by a factor of order ρB ′ z /B z << 1. One may pass over to the quantum theory, by taking the commutation relations to correspond to i times the Dirac bracket relations. As is well known [12] , in the presence of a constant magnetic field along the z-direction, the quantum energy levels of a charged particle are given by:
where n = 0, 1, 2... and l gives the projection of the angular momentum on the z-axis. The first term in equation (20), which is associated with the motion in the (x, y) plane, describes the Landau levels. The second term in (20) gives the translational energy of the particle associated with its motion in the z-direction. When B z (z) is slowly varying, as the particle gradually drifts along the zaxis, there will occur a first order shift of the Landau levels. However, this shift will be compensated by a corresponding change in the translational energy of the particle, so that its total energy remains conserved. Since the separation between the Landau levels, which are infinitely degenerate, is of order eB z /m, in a strong magnetic field only the lowest Landau level is relevant. We note that the limit of large B fields is equivalent to the m → 0 limit. Hence, we may interpret the coordinate noncommutativity (19) as arising in consequence of the fact that our system is constrained to lie in the lowest Landau level.
